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Abstract 

We investigate the irregularity strength (s(G)) and total vertex irregularity strength {tvs{G)) of circulant 
graphs Ci„(l, 2, . . . , fc) and prove that tvs{Ci„{l, 2, . . . , fc)) = fg^l , while s(Ci„(l, 2, . . . , fc)) = [ "+^^-^ ] 
except the case when {n mod 4fc = 2fc-|-lAfc mod 2 = l)Vn = 2A: + 1 and s(Ci„(l,2, . . . , fc)) = [ "+^^~^ ] +1. 
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1 Introduction 

Let us consider a simple undirected graph G = (y{G), E{G)) without loops, without isolated edges and with 
at most one isolated vertex. We assign a label w{e) (called also weight), being natural positive number, to 
every edge e € E{G). For every vertex v G V{G) we define its weighted degree as 



wd{v) = w{e). 



We call weighting w irregular if for each pair of vertices, their weighted degrees are distinct. In [5] the 
authors defined the graph parameter s{G) called the irregularity strength of G being the smallest integer s 
such that there exists a weighting of G with integers {1, 2, . . . , s} that is irregular. The value of s{G) is known 
only for some special classes of graphs, e.g. complete graphs (|8]), graphs with the components being paths 
and cycles ([Il],[2]), or some families of trees ([H], [3]). 

The lower bound on the s{G) is given by the inequality 



s[G) > max . (1) 

^ ' ~ l<i<A I ^ ^ 

In the case of d-regular graphs it reduces to 

.(G) > niAzl, P) 

The conjecture stated in [5] says that the value of s{G) is for every graph equal to the above lower 
bound plus some constant not depending on G. The first upper bounds including the vertex degrees in the 
denominator were given in ^ [cn/5 with relatively large values of c, depending on the relation between n, 5 
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and A), then improved (slight reduction of c) in [12] and [T3]. The best upper bounds known so far can be 
found in [1U| . Namely, the authors have proved that 



s{G)< 



6n 



(3) 



The following variant of irregularity strength that allows also the vertices to be labeled was introduced in 
[6] . This time, the weighted degree is defined as 



wd{v) = w{e) + w{i 



e5v 



The respective graph parameter, tvs{G), is called total vertex irregularity strength. The authors of [6j gave 
the following lower and upper bounds: 



n + 6(0) 



A(G) + 1 

In the case of d - regular graphs it reduces to 



< tvs{G) <n + A(G) - 25{G) + 1. 



(4) 



n + d 
1+1 



<tvs{G) <n-d+l. 



(5) 



The exact values of tvs{G) are known only for few families of graphs, e.g. complete graphs, paths and 
cycles (^) or forests without vertices of degree 2 ([5]). The best upper bound on tvs{G) is given in [4]: 



tvs{G) < 



3n 



+ 1. 



(6) 



Let us consider circulant graphs defined as follows (see e.g. [7]). 

Definition 1.1. Let n and si, S2, ■ ■ ■ ,Sk be integers, with 1 < si < ■ ■ ■ < < n/2. The circulant graph G = 
Cin{si, . . . , Sk) of order n is a graph with vertex set V{G) = {0, 1, . . . , n — 1} and edge set E{G) = {(x, x ± Sj 
mod n),x G V{G), l<i <k}. 

Note that Cin{si, . . . , s^) is 2/i;-regular. The main result given in [7] says that in the case k = 2 and si = 1, 



s(Cin(l,S2)) 



n + 3' 



(7) 



if only S2 > 2 and n > 4s2 + 1- Observe that in this case the value s{G) is equal to the lower bound given by 
In [1] in turn the authors gave the exact value of total vertex irregularity strength of the graphs Ci„(l, 2): 



tvs{Cin{l,2)) 



n + 4' 



(8) 



In this paper we consider more general case of circulant graphs, Ci„(l, 2, . . . , A;), i.e. the fc-th powers of 
cycles C^. We prove two following theorems. 



Theorem 1.2. If k > 2 and n > 2k + 1, then 

tvs{Ct 

Theorem 1.3. Ifk>2 andn>2k + l, then 



n + 2k' 
2k + 1 





rn+2fc-l"| 


{ 


2k 




'n+2k-r 




2k 



+ 1, (n mod 4:k = 2k+l Ak mod 2 = 1) V n = 2A; + 1, 
, otherwise. 
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2 Proof of Theorem D 



As the given value of tvs{G) equals to the lower bound given by dSJ, it suffices to present the irregular 
weighting using the weights 1, . . . , s = [ ^fc+i l • 

Very briefly, the weighting of G = proceeds as follows. 

We split G into at most s — 1 segments and label their edges in such a way, that the weighted degrees 
of vertices in every segment become distinct multiples of 2. In the next step we multiply all the edge labels 
by about s/2 (depending on the parity of s) in order to obtain the weighting, where all the weighted degrees 
in any segment differ by at least s — 1. By assigning distinct numbers from the set {1, 2, . . . , s — 1} to the 
vertices in consecutive segments we obtain the final irregular weighting. 

Now we are going to present the details of the proof. Let us start with two technical lemmas. 

Lemma 2.1. 

Let S = S^'^^ be graph on2k + l vertices {vq, vi, . . . , V2k} (k > 1) with edge set consisting of the pairs {vi,Vi^j), 
where i = 0,1, ... ,2k — 1 and j = 1,2, . . . , min{A:, 2k — i}. Assume there is a label l{vi) assigned to every 
vertex Vi, where 

l{v-) = ^ ~ ^' 

1 2(i - k) for i > k. 

Then there exists labelling w : E{S) — ^ {0, 1, 2} such that: 

(i) For every vertex Vi, <i <2k: 

^w{e) + l{vi) = 2i. 



(a) Subgraph of S consisting of the edges labeled 1 contains all the vertices except vq and V2k and possesses 
an Euler cycle. 

Proof. In order to prove the lemma we are going to present the algorithm that produces the desired weighting. 
We call closed the vertices Vi with all the edges {vi,Vj), j > i, weighted. The remaining vertices are called 
open. 

Algorithm 2.2. 

(i) Assign label to every edge {vo,Vi), where 1 <i <k. The vertex vq is now closed. Proceed to step {ii). 
(a) Let i be the lowest integer such that all the vertices Vj,0 < j < i — 1, are closed and let 

i-l 

p = 2i- ^ w{{vj,Vi)) - l{vi). 

j=max{0,i— fc} 



If 1 < p < k, label forward edges according to the formula 

w{{Vi,Vj)) = 

If p > k + 1, use the formula 

w{{Vi,Vj)) 

Go to step {Hi). 



for i + l<j<i + k— p 

1 for i + k — p + 1 < j < i + k. 



1 for i + l<j<i + 2k— p 

2 for j>i + 2k-p+l. 
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(in) Close the vertex vi. If i = 2k + 1, STOP. Otherwise go hack to the step (ii). 
The number p from step {ii) always fulfils the condition p > 1 (see below). 

Let us analyse the algorithm, considering its phases. For every vertex Vi, we call the edges {vi, Vj) forward 
when j > i and backward when j < i. In every phase we process some group of vertices, by weighting its 
forward edges. Thus after each phase weighted degrees of vertices from some group reach their final values. 

For < i < [|J , we assign the labels 



w{{Vi,Vj)) 



for i + 1 < j < k — i, 

1 ioik — i + l<j<k + i. 



After this phase the weighted degrees of vertices Vi, i < [|j , reach their final values wd{vi) = 2i. The weighted 
degrees of the remaining vertices obtain temporary values 

'i-r|l for [|j+l<i<A:, 

wd{vi)= {i-\^'\+l for A; + l<i< [fj, 
2{i-k) for [f J + 1 < i < 2A;. 



^'^^ L|J + 1 ^ ^ ^ ^) t'^s edges obtain the labels 



1 for i + 1 < j < A; + i - 1, 

2 for j = A; + i. 



After this phase the weighted degrees of the vertices Vi,i < k, reach their final values wd{vi) = 2i and the 
remaining ones - temporary values 



wd{vi 



i + l for A: + 1 < i < [f J , 
i + 2 for [f J + 1 < i < 2A. 



2 

In the next phase the edges incident to the vertices Vi, k + 1 < i < [^J , obtain the labels 



1 for i + 1 < J < 3A — i, 

2 for 3A - i + 1 < j < 2A. 



This way the weighted degrees of the vertices Vi,i < [^J, reach their final values, and the remaining ones - 
temporary values 

wd{vi) = 2i — k + 1. 

In the last phase all the remaining edges obtain label 2. This way all the weighted degrees reach the final 
values 

wd{vi) = 2i. 

In order to prove the second part of the lemma, observe that after all the vertices having been processed, each 
of them except vq i V2k is incident to at least two edges labelled 1. As all the weighted degrees are even, the 
degrees in the subgraph labeled 1 are also even. Moreover this subgraph is connected as 

w{Vi,Vk) = 1, 

for 1 < i < 2A - l,i / A. □ 
Second lemma guarantees the existence of analogous weighting for the segments of length 4fc + 2. 
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Lemma 2.3. 

Let D = D^^^ be graph on Ak + 2 vertices {vo,vi, . . . ,^4^+1} (k > 2) with edge set consisting of the pairs 
{vi,Vi^j), where i = 0, 1,...,4A; and j = 1,2, . . . , min{A;, 4/c — i + 1}. Assume there is a label I (vi) assigned 
to every vertex Vi, where 



l{vi 



fori<3k + l 

2{i-3k-l) fori>3k + l. 



Then there exists labelling w : E{D) {0, 1,2} such that: 
(i) For every vertex Vi, <i < Ak + 1; 

Y,w{e) + l{vi) = 2 



(a) Subgraph of D consisting of the edges labelled 1 contains all the vertices except vq, vi, v^k o-nd f4fc+i and 
consists of at most two components, each of which possesses an Euler cycle. 

Proof. 

Case 1: k is even. 

Let us analyse the following algorithm, that produces the desired weighting. The open and closed vertices 
and the forward and backward edges are defined in the same way as in the case of algorithm 12.21 



Algorithm 2.4. 

(i) Assign label to every edge {vo,Vi), where I <i < k. Vertex vq is closed now. Go to the step {ii). 
(a) Let i be the lowest integer such that the vertices Vj , < j < i — 1, are closed and let 

p = 2\i/2\- w{{v,,Vi))-l{vi). 

i~k<j<i 

If 1 < p < k label the forward edges according to the formula 

w{{Vi,Vj)) 

If p > k + 1, use the formula 

w{{Vi,Vj)) -- 



for i + l<j<i + k— p 

1 for i + k — p + 1 < j < i + k. 



1 for i + l<j<i + 2k— p 

2 for i + 2k - p + I < j < i + k. 



Go to step {Hi). 

(Hi) Close the vertex Vi. If i = Ak + 2, STOP. Otherwise go back to step [ii). 
The number p from step [ii) always fulfils the condition p > 1 (see below). 

Similarly as in the case of Lemma 12. H we are going to analyse the algorithm phase by phase, each time 
considering chosen set of vertices and its forward edges. 
For < z < ^Y^, the forward edges obtain labels 



w{{v2i,Vj)) 



for 2i + 1 < j < k, 

1 for /c + 1 < j < 2i + A:, 
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and 



for 2i + 2 < j < A: + 1, 

1 for k + 2<j <2i + k + l. 



w{{v2i+l,Vj)) -- 

w{{vk,Vj)) = l, k + l<j<2k, 



Moreover 
and 

w{{Vk+l,Vj)) 

After this phase weighted degrees of the vertices Vi,i < k + 1 reach their final values 

wd{vi) = 2 

while the remaining ones - temporary values 



'O for /c + 2 < j < ^ + 1, 
1 for ^ + 2 < j < 2A; + 1. 



wd{vi 



for A; + 2 < i < f + 1, 



for + 2 < i < 2A; + 1, 



2k-i + \ 
2k -i + 2 
for 2fc + 2 < i < 3/c + 1 

2{i - 3A; - 1) for 3fe + 2 < i < 4/c + 1 



For k + 2 <i the forward edges obtain labels 



w{{Vi,Vj)) 



fori + l<i<i + A:-3r^^f^l - [^^f^J, 

1 for i + A;-3[^^] - [^^J +1 < j <z + A;. 



After this phase weighted degrees of all the vertices fj, < i < ^ reach the final values, and the remaining 
weighted degrees - temporary 



( k 

2 



wd{vi 



for i = f + 1, 



I + L|J - rll + 1 for f + 2 < i < 2/c + 1, 
for 2A: + 2 < i < f , 
for f + 1 < z < 3A; + 1, 



5fc 
2 



2(i-3fe-l) for 3^ + 2 <i<4fc + l. 

In the next phase wc put 1 on the edges {v^j^^^Vj) for ^ + 2 < j < If | is odd, the edge {v3kj^-^^,V5kj^^ 
obtains label 1, otherwise 2. For ^ + 2<i<2A; + lwe assign the labels 

w{{vi, Vj)) = 1, for i + 1 < J < i + A;. 

The weighted degrees of the vertices Vi, < i < 2k + 1, reach now their final values, while the remaining 
ones are equal to 



wd{vi) = < 



3k + 2 -i for2k + 2<i<3k + l,iy^f + l, 
2 [|] + 1 for ? = f + 1, 
2{i-^k-l) foT3k + 2<i<Ak + l. 



For 2k + 2 < i < 3k - 1, i ^ + 1, the edges obtain labels 



w{{Vi,Vj)) 



I (or i + l<j <i + k-2[^ 



-2k 



2 (ovi + k-2['-^\ + l<j<i + k, 
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and for i = ^ + 1 - labels 



w{{Vi,Vj)) 



1 for i + 1 < j < 3A; + 1, 

2 for 3A; + 2 < j < i + /c. 



After this assignment, the weighted degrees of the vertices Vi, < i < 3k — 1 reach their final values. The 
remaining ones are equal to 



wd{vi 



k 

nfj- 

2k -2 
2k 



for i = 3k, 
2 fori = 3k + l, 

for 3A; + 2 < i < Ak, 
for i = 4k + 1. 



For i = 3k, the weights obtain values 

w{{v3k,Vj)) = 2, ioT3k + l<j <4k. 
For z = S/c + 1 in turn we label forward edges with 



w{{Vi,Vj)) 



'l fori + l<j<2[f J +1, 
2 for 2 L^J + 2 < j < i + A;. 



After this phase the weighted degrees of vertices Vi, where < i < 3k + 1, reach their final values. The 
remaining ones are equal to 



wd{vi) 



2k + I for 3A; + 2 < z < ^, 

2 [f] + f + 1 for i = f + 1, 

2A; + 2 for f + 2 < i < 4A; + 1. 



For 3A; + 2 < i < 2[^J + 1, the edges are labelled with 



w({Vi,Vj)) 



1 for i + 1 <i <4A;-2[^J +1, 

2 for 4A; - 2[^J +2 < j < 4/c + 1. 



After this assignment the weighted degrees of vertices Vi, where < i < 2|_^J + 1, obtain its final values 



The remaining ones are equal to 



wd{vi 



k - 2(- mod 2) + 2. 



In the last phase we assign label 2 to all the remaining edges. This produces the final irregular weighting. 
Case 2: k is odd. 

Let us consider subgraph oi D = D^^'> isomorphic to = D^''*\ k* = k — 1, with the vertex set V{D*) = 
{vq, v^, . . . , v2j^*^i), where v* = Vi-i for i = 0, . . . , 4(A; — 1) + 1. In order to label the edges of D* we use the 
algorithm 12.41 Let us denote the initial vertex labels by l*{vi). Obviously l*{vi) = l{vi) — 2 for 3A; + 2 < i < 
4/c + 1. Let us consider partial weighting of D obtained this way. Let wd*{vi) be temporary weighted degree 
of Vi, while wd{vi) its final value. Observe that 



wd*{vi 




for < i < 1 
2 for 2 < i < 3 
4 for 4 < i < 4A; + 1 
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Let us change the vertex labels l*{vi) to l{vi). This increases by 2 the values of wd*{vi) for 3k + 2 < i < 4A; + 1. 

The edges {vi,Vi^k) for 4 < i < 3A; + 1 have not been weighted yet. We assign label 2 to them. As the 
weighted degrees increase by 2 or 4, depending on the number of incident edges, we obtain: 



If A; > 5, then the edges for 6 < i < A; + 2 have label (they correspond with the edges {v*,v*^-^^) of 

D* for 2 <i <k* — 1). The same is the label of the edge (vgjVfc+a) (corresponding with (^2,^^*) in D*). We 
change them to 1. Similarly, the edges (f2,i'3), (^3,1^4), (^4,1^5) and {v2,V5) are labelled 0, which we change 
to 1. We put on all not labelled edges of D (not belonging to D*). 

If /c = 3, then we put 1 on the edges {v2,V3), {v3,vq), (v^jVq), (^4,^5) and {v2,V4) (all of which are either 
labelled or not labelled yet). This way we obtain the desired weighting of D. 

To prove part (ii) of the Lemma observe that after processing all the vertices, each of them except vq, vi, 
V4k and Vik+i is incident to at least two edges labelled 1. As weighted degrees are even, the degrees in the 
subgraph labelled 1 are also even. Moreover, the subgraph is connected when k is even 01 k = 3, otherwise it 
consists of two components. When k is even, label 1 is assigned in particular to the edges 



In the case when /c > 5 is odd, respective edges form an Euler graph with vertex set Vi, 6 < i < Ak — 1 and 
the second component is subgraph on the vertices V2, v^, W4 and v^. If A; = 3, then the Euler graph is formed 
by the edges {v2,V3), (^2,^4), {v3,vq), (v4,^^5), (^5,^6), (^^6,^^?), (^^6,^8), (v7,vg), {v8,vg), (t;9,^^io), (^'9,^'ll) 



Let us go back to the proof of Theorem 11.21 We are going to consider few cases, depending on the relation 
between n and k. 

Case 1: n = 2k + l. 

In this case is isomorphic to Kn and the proof of the equality 



may be found e.g. in the paper of M. Baca et al. [6]. 
Case 2: n = 2k + 2. 

Let us assign to the vertices of indices —k, —k + 1, . . . , —1, 0, 1, 2, . . . , A;, A; + 1. We assign the labels 
to the edges in the following way: 



wd{vi) for < i < 1 
wd*{vi) = < wd{vi) -2 ioT2<i<k + 3 

wd{vi) for A: + 4 < i < 4A: + 1 



{Vi,Vk+2) 

iv2k+l,V3k+l) 
iv3k+2,Vi) 



for 2<i<k, 

for A; + 1 < i < 2A;, 

for 2A; + 1 < i < 3A: 



for 3A: + 3 < i < 4/c - 1. 



and {vio,vu). 



□ 



tvs{C^) = tvs{Kn) = 2 




1 for \i\ + \j\ <kV + |j| = A;+ 1 Amax{i,j} < 0) 



otherwise. 



After such assignment, the weighted degrees are equal to: 



wd{vi) 



= < 



' 2A:-2i 
2A: - 2i 
2k + 2i 
2k + 2i 

^ 2k + 2i 



1 
2 



2 
1 



for - A: < i < - [|] - 1 
for - r|l < i < -1 
for < i < [|J 
for [|J + 1 < i < A: 



for i = A; + 1 
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It means that the weighted degrees of vertices Uj, — [|] < i < [fj, are distinct integers from the set 
{2k, . . . , 3k}, while the remaining ones - distinct integers from the set {3k, . . . , 4fc}.In order to obtain the final 
irregular weighting we assign 1 to all the vertices from the first group, and 2 to the remaining ones. 
Case 3: n>2k + 2. 

We can express the number of vertices of G = as n = t{4k + 2) + r, where t > and 1 < r < 4fc + 2 
are some integers. 

We split G into some number of segments, each of which except two are isomorphic to S^''\ one to and 
one to S*-^^ or D^^\ where g,h < k, \g — h\ < 1. For some values of r it is necessary to include one additional 
vertex. Using Lemmas 12.11 and 12.31 we construct the weightings for the segments, and then we expand it to 
whole graph G. 

There are some differences in the construction depending on the relation between r and k, so we consider 
three cases. As some concepts and elements of the construction repeat, for convenience we consider first the 
case 2k + 3 < r < Ak + 2, then 2 < r < 2A: + 1 and finally r G {1, 2k + 2}. 

Case 3.1: 2k + 3<r <4:k + 2. 

Let g = [^-f^J • Consider 2t graphs 81,82, ■■■ , 821 isomorphic to 8'^^'^ and two additional graphs 821+1 — 
8^^^^ and 821+2 — S^^^ where h = g if r is odd and h = g + 1 otherwise. 

Let us denote the vertices of G by vo{G), . . . ,Vn~iiG). We split G into segments in such a way 
that the vertices of the graphs 8j, I < j < 2t (denoted by VQ{8j), . . . ,V2k+ii8j)), 5*24+1 (denoted by 
voi82t+i) , ■ ■ ■ , V2hiS2t+i)) and 82t+2 (denoted by vo{82t+2), ■ ■ ■ ,V2gi82t+2)) are identified with consecutive 
subsets of vertices of G, where for increasing indices of vertices of G the indices of vertices in 8j increase 
for j = 2i — 1 and decrease for j = 2i, 1 < i < t + 1. In other words, if the vertices Vi{G) and fi+i(G) 
(or Vn-i{G) and vq{G)) belong to two consecutive segments 8j and 8jj^i (respectively ^2^+2 and 81), then 
either they both have highest indices in the segments (so Vi{G) = V2k{8j) and Wj+i(G) = V2ki8j+i) or possibly 
Vi{G) = V2h{Sj) and Wi+i(G) = V2g{8j+i)) or Vi{G) = vo{8j) and i^i+i(G) = t;o('S'j+i). If r mod 4 G {1,3}, we 
include additional vertex v* = Vn-2h-2{G) between 821+1 and 821+2- 

We perform weighting of G in two steps. We begin with the weighting of edges w* : E(G) {0,1,2}, 
then modify weights of edges and label the vertices in order to obtain irregular weighting w : E{G) U V{G) — )> 
{l,...,s}. 

We begin the construction of w* with weighting the segments using Algorithm 12.21 Then we assign labels 
to the remaining edges of G (i.e. edges e G E{G) \ IJj=L^ E{8j)). 

If two consecutive segments are 821-1 and 821, 1 < i < t {so two consecutive vertices belonging to them 
have weighted degree 2k), we put 2 on all the edges joining them (not belonging to the segments, but belonging 
to G). If the segments are 821 and 821+1, 1 < i < t or 821+2 and 81, then we assign to the edges. Observe 
that the weighted degrees do not change as the sums of labels of the edges joining different segments of G are 
equal to the vertex labels l{v) from Lemma |2. 11 

If r mod 2 = 0, we put 2 on the edges 

{Vh+i{S2t+l): V2g-j + l{82t+2)) foT 1 < i < h, 1 < j < i, 

otherwise on the edges 

{Vh+i{S2t+l),V2g-j+2{82t+2)) ioT 2 < i < h, I < j < i - I, 
{v*,Vh+i{82t+i)) forl<i<5 + l, 

{v*,V2g-i+i{82t+2)) iorl<i<g + l. 

Observe that last operation may increase by 2 weighted degrees of some vertices v G V (821+2), however 
the conditions 

wd^v) < 2k for V G V{82t+i) U V{82t+2) U {v*} 

and 

\{v G V{82t+i) U V{82t+2) U {v*} : wd'{v) = 2i}| < 2 for z = 0, . . . , A:, 
remain satisfied as 'wd{v*) ^ wd{v2g {821+2))- 
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We finish the construction of w* by putting on all the edges that have not been labelled so far G. 
Finally we obtain the weighting w* : E{G) — ?> {0, 1,2} such that all the weighted degrees are even, the 
subgraph formed by the edges labelled 1 has at most 2t + 2 components being Euler graphs and 

\{v € V{G) : wd^iv) = 2i}| < 2t + 2 for i = 0, . . . ,k. 

Let s = r^^l (observe that s is odd). We define weighting w : E{G) U V{G) {1,2, ... ,s} in the 
following way: 



w{e) 



-w*{e) + l foreGE(G), 



(9) 



j for V eV{Sj),l < j <2t + l, 

2t + 2 for V eV{S2t+2)^{v*}. 



(10) 



As we can see, in the modified weighting w : E{G) 



{0, s} the sums of labels of edges incident to 



distinct vertices of every segment Sj differ by at least s — 1. By putting j on the vertices of 5j, we distinguish 
weighted degrees in whole graph Gas2t + 2<s — 1. 

Case 3.2.- 2 < r < 2A; + 1. 

Let gi = y^k±^+l\^ , li gi > 2 then we proceed as in the previous case, this time using 2t — 2 graphs 
Si, S2, ■ ■ ■ 5*24-2 isomorphic to S^''^ and two additional graphs S2t = -D^^^^ and 524-1 — S^^^\ where 
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gi for (4/c + r mod 6) e {1,2}, 

51 + 1 for {Ak + r mod 6) € {3, 4}, 
gi — 1 for (4/c + r mod 6) € {0, 5}. 



We label all the graphs Sj,l < j < 2t — 1 using the Algorithm 12. 2( and the graph S2t using the Algorithm 
12. 4| possibly with additional modification when gi is odd (see proof of Lemma l2.3p . 

Let g = min{5(i, (72} and h = max{gi, g2}. If (71 = 1 (then g2 = 2), in the case of graphs 821-1 and 821 we 
use the weighting as in the Figure [J instead of the mentioned algorithms (we have to add vertex v*, and all 
the edges not included in the figure, either belonging to E{82t-i) U E{82t) or joining these graphs one with 
other or with v* , are labelled 0). 




(»>7<I>T<i>T<l>T0T<I>T(!>7<i^^ 



Vo V2 V3 1/4 

{^2t-l) (Sai-l) (S2(.i) {S2(-l) (S2m) 



1/5 1/4 '^3 V, Vo 

(S2,) (S2,) (S2,) {S2,) (S2,) (S2,) 



Figure 1: The labelling of 821-1 and 821 and the edges incident with v* when gi = 1 

We identify the vertices of the segments 8j,\ < j < 2t, with consecutive subsets of vertices of G and label 
all remaining edges (except the ones joining 821-1 with ^24) as in the previous case. This time we include 
additional vertex v* between 821-1 and 821 if r is even and gi > 1. In such case we put 2 on the edges 

{V2g2-h+ii82t-i),vigi-j+3i82t)) for 2 < i < /l, 1 < j < i - 1, 
{v*, V2g2-h+i{82t-i)) for 1 < i < 5 + 1, 

{v*, U4<;i-i+2(5'2t)) for 1 < i < 5 + 1. 

If r is odd, we assign 2 to the edges 

{V2g2-h+ii82t-l),vigj^-j+2i82t)) fov 1 < i < h, I < j < 1. 
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If (7i = 1 then we append v* as in the Figure [TJ 

We put on all the remaining edges. Finally we obtain weighting w* : E{G) — ?> {0,1,2} such that all 
weighted degrees are even, the subgraph labelled 1 has at most 2t components being Euler graphs, and 

\{v € V{G) : wd*{v) = 2i}| < 2t + 1 for i = 0, . . . , /c. 

This time s is even, so we have to change slightly the construction of w. Firstly, we use the formula ([9]) 
only for the edges e with w*{e) G {0,2}. In the case w*{e) = 1 we proceed as follows. For every component 
labelled 1 (being Euler graph) we start in any vertex and moving through an Euler walk label the edges 
alternately with: 



y;(2)(e) = |u;*(e) + l. 



(11) 



If the walk has even length, new weighted degrees in every segment will differ by at least s — 1, as in the 
previous case. If it is odd, the only exceptions are the starting vertices of the walks and their neighbours, as 
the starting ones may have the weighted degree lower by 1 than the desired one. Let Vq be the set of all such 
vertices. In order to finish the construction we assign to the vertices labels 

fj for.Gy(5,),l<j<2t-2, 
'"^''> \ u;o G {2t-l,2t,2t + l} iovv e V {821+2) ^ {v^} ■ ^ ' 

The numbers wq € {2t — l,2t,2t + 1} have to be assigned in such a way, that every two vertices v',v" £ 
V{S2t-i) U V{S2t) U {v*}, for which 

wd*{v') = wd*{v"), 
obtain two distinct labels. Such an assignment is possible as 

\{v G y(52t_i) U V{S2t) U {v*} : wd*{v) = 2f}| < 3 for i = 0, . . . , A;. 

In order to finish the construction we increase by 1 the label of every vertex v gVq. The obtained weighting 
is irregular as 2t + 1 < s — 1 . 

Case 3.3: r = 1 or r = 2k + 2. 

In such a situation we find irregular weighting for C^_^ as in one of the previous cases. Note that the 
maximum weighted degree equals to {2k + l)s — 1 (for some vertex labelled s — 1 with all incident edges 
labelled s). Let Vi and Wj+i be two adjacent vertices with all incident edges labelled s. We remove the edges 

{vj,Vj+k) for i - A: + 1 < j < i, 
{vj-k,Vj) for i + 1 < j < i + k, 

and append the vertex Vn-i and the edges 

{vj,Vn~i) for i — k + 1 < j < i, 
{vn-i,Vj) for i + 1 < j < i + k, 

all labelled s. Finally we put w(w„_i) = s. □ 
Example 2.5 (Irregular total weighting of 022)- 

We have n = 22, k = 2, s = 6, t = 4, r = 2, gi = 1, g2 = 2, g = 1 and h = 2. Weighting w* is presented on 
Figure [E The edges joining different segments are red. 

As s is even, the final labels of edges e for which vu*{e) G {0,2} we derive using the formula (0), and 
the remaining ones (w*{e) = 1) - the formula 07]) . Two Euler walks - (f i(5'i), i;2(5'i), U3(S'i), wi(5i)) and 
{vi{S2),V2{S2),v^{S2).,vi{S2)) - have length 3, so \Vq\ = 2. Let Vq = {vi{Si).,vi{S2)} , so we increase labels of 
those vertices by 1 . Final weighting is presented on Figure O 
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Figure 3: Final weighting w 



3 Proof of Theorem D 

As in the case of the proof of Theorem 11.21 we spHt graph into segments and start with labelhng each of the 
separately. Then we modify the labels in order to obtain desired irregular weighting. 

Let us start with two technical lemmas. First of them is in some way extended version of Lemma |2. 11 

Lemma 3.1. 

Let R = be graph on 2k vertices vi,V2, ■ ■ ■ ,V2k (k > 1) with edge set consisting of the pairs {vi,Vi+j), 

where i = 1, . . . ,2k — 1 and j = 1,2, . . . , min{A;, 2k — i}. Assume there is a label l{vi) assigned to every vertex 
Vi, where 

1 for i < k 

\2{i - k) for i > k. 

Then there exists a weighting w : E{R) {0, 1,2} such that: 
(i) For every vertex Vi, 1 < i <2k: 

^^wie) + l{vi) = 2i. 

(a) The subgraph of R formed by the edges labelled 1 and 2 contains all its vertices and possesses a subgraph 
F being either a Hamiltonian cycle or a single edge labelled 2. 
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Proof. 

In order to label the edges we use the variant of Algorithm YT. 
Algorithm 3.2. 

(i) Let i be the lowest integer such that all the vertices Vj for I < j < i — 1 are closed and let 

i-l 

p = 2i- ^ w{{vj,Vi)) - l{vi). 

j=max{l,i—k} 

If 1 < p < k, assign to the edges labels 
If p > k + 1, then set 

w{{Vi,Vj)) 



for i-\-l<j<i-\-k— p 

1 for i + k — p + 1 < j < i -\- k. 



1 for i + l<j<i + 2k— p 

2 for j > i + 2k - p+ I. 



Proceed to step {ii). 

(a) Close the vertex Vi. If i = 2k + 1 then STOP. Otherwise go back to step [i). 

The proof of part (i) follows directly from the proof of Lemma l2.ll we only have to omit vertex vq with 
all incident edges. 

In order to prove part {ii) observe that if A; > 3 is even then the Hamilton cycle F is defined by the vertex 
sequence 



■^3^/2-21^3^/2+2) • • • ) Vk+Zi V2k--i,Vk+2, V2k-2, V2k-l,V2k, Vk+1, 

and otherwise by the sequence 



Vk+l,Vl,Vk,V2,Vk-l, . . . ,Vk/2-3/2,Vk/2+5/2,Vk/2-l/2,Vk/2+3/2,Vk/2+l/2,V3k/2-l/2, 
'V3k/2+l/2,'^3k/2-3/2,'V3k/2+3/2i ■■■ , Vk+3, V2k-3, Vk+2-, V2k-2, V2k-1, V2k, Vk+1- 

More precisely, it is formed by the edges 

{Vi,Vk-i+2) 
{Vi,V3k-i) 
iVi,V3k-i-l) 

{Vk+l,V2k), 
{v2k-l,V2k), 
{v2k-2,V2k-l)- 

If A; = 3, the Hamilton cycle F is formed by the vertex sequence vi, V3, V2, v^, vq, V4, vi, and if /c = 2 - by 
the sequence vi,V3,V4,V2,vi. If A: = 1, then (^1,^2), being the only edge of R, is labelled 2, so F = R. □ 

The second lemma guarantees the existence of irregular labellings of graphs S^^^ and R^^^ with —1, 
and 1 such that the resulting weighted degree sequence consists of consecutive integers (with one possible 
exception) . 



for 1 < i < [|J , 

for 1 < i < [|] , 

for A; + 2 < i < [f ] - 1, 

for A; + 2 < i < [f J - 1, 
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Lemma 3.3. 

Let S'(^) and be the graphs defined as in the Lemmas lEJl and\Tll k>2. If G S^''^ or G R^''\ then 
there exists a labelling f : E[G) {—1,0, 1} such that the weighted degrees of vertices ofG are distinct integers 
from the set {0, 1,2,..., — 1} when k is even and distinct integers from the set {—1, 1,2,..., — 1} 

when k is odd. 



Proof. 

We label the edges using the formula: 



fiVi,Vj) 



1 ioi2k + l-\V{G)\<i<k,l<j<k, 

-1 for k + l<i<2[^\+k-3,j = i + l, (13) 
-1 for i = 2A; - l,j = 2A;. 



If k is odd, we also set f{v2k-2-,V2k) = —1- AH remaining edges obtain label 0. 
Given weighting fulfils the conclusion of the Lemma, as 



wd{vi) -- 
and 

wd{v2k) 



\V{G)\-k + i-l for i<k, 
2k -i for k + 1 < i < 2k - 1, 



for k mod 2 = 0, 
— 1 for k mod 2 = 1. 



□ 

Let us go back to the proof of Theorem 11.31 As in the proof of Theorem II. 2^ the construction looks 
different for distinct relations between n and k, so we consider few cases. 

Case 1: n = 2k + l. 

In this case C^' is isomorphic to Kn and the proof of the equality 

s{C^) = s{Kn) = 3 

may be found e.g. in G. Chartrand et al. [8]. 

Case 2: n = 2k + 2. 

We use the same edge weighting w : E{G^) {1,2} as in the proof of Theorem 11.21 (Case 2). Let us 
remind that the sums of weights of edges incident with vertices Vi, — [|] < i < [|j are distinct integers from 
the set {2k, . . . ,3k}, and the sums of edges incident with remaining vertices - distinct integers from the set 
{3k,..., 4k}. 

We add 1 to the labels of edges {vi,Vk+i) for — < ? < — [|] — 1 or [|j + 1 < i < k. This way all the 
weighted degrees become distinct integers from the set {2k, . . . , 4A;} U {5k}. As we use only labels 1, 2 and 3, 
irregularity strength equals s(C|;j,_,_2) = 3. 

Case 3: n>2k + 2. 

We can express the order of G = as n = Akt + r, where t > and 1 < r < 4k are some integers. 

We split G into some number of segments, each except two isomorphic to R^''\ one to R^3) and one to 
R(^) , where g,h < k,\g — h\ < 1. For some values of r it is necessary to include one additional vertex or a 
copy of R^^'^ or S^^'\ where r' = [|J . Using Lemmas 13.11 and 13.31 we obtain the labellings of segments, then 
we expand it to all the edges of G. 

The construction depends on the exact relation between r and k, so we consider two cases. For convenience 
we analyse first the case when 2/c + 2 < r < 4k, and then 1 < r < 2A; + 1. 

Case 3.1: 2k + 2<r <4k. 
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Let g = |_|J . Consider 2t graphs Si, S2, ■ ■ ■ S2t isomorphic to R^''^ and two graphs 821+1 — R^^^ and 
S2t+2 = R'-^K where h = g \i r mod 4 G {0, 1} and /i = 5 + 1 if r mod 4 G {2, 3}. 

Denote the vertices of G by vq{G), . . . , Vn-i{G). We spht G into segments in such a way that the vertices 
of graphs Sj, 1 < j < 2t (denoted vi{Sj), . . ■ ,V2k+i{Sj)), S2t+i (denoted vi{S2t+i), ■ ■ ■ , V2h{S2t+i)) and ^24+2 
(denoted vi{S2t+2), ■ ■ ■ ,V2giS2t+2)) are identified with consecutive subsets of vertices of G. For increasing 
indices of vertices of G the indices in Sj increase when j = 2i — 1 and decrease when j = 2i, 1 < i < t + 1. In 
other words, if the vertices Vi{G) and Wi+i(G) (or Vn-i{G) and fo(G)) belong to two neighbouring segments 
Sj and Sj-^-l (respectively 52t+2 and Si), then either they both have maximum indices in the segments (i.e. 
Vi{G) = V2k{Sj) and Vi+i{G) = V2kiSj+i), or Vi{G) = V2h{Sj) and Vi+i{G) = V2g{Sj+i)), or Vi{G) = vi{Sj) 
and Ui+i(G) = t>i(5j+i). If r mod 4 G {1,3}, we insert additional vertex v* = Vn-2h~i{G) between S2t+i and 

S2t+2- 

We label G in two steps. We begin with temporary weighting w* : E{G) — ?> {0, 1, 2}, next we modify the 
labels in order to obtain final weighting w : E[G) — )• {1, . . . , s}. 

The construction of w* begins with labelling the segments using Algorithm 13. 2i Then we label remaining 
edges of G (i.e. e G E{G) \ [jf^^ E{Sj)). 

If two consecutive segments are S2i-i and S2i, 1 < i < t {so two consecutive vertices belonging to them 
have degree 2k), we put 2 on all the edges joining these segments. The edges joining S2i with S2i+i, I < i < t, 
and 52t+2 with Si obtain label 0. 

Observe that the weighted degrees do not change as the sums of weights of edges joining different segments 
of G are equal to l{v) from Lemma |3. 11 

If r mod 2 = 0, we put 2 on the edges 

{Vh+i{S2t+l), V2g-j+l{S2t+2)) ioT 1 < i < h,l < j < i, 

and otherwise on the edges 

{Vh+iiS2t+l),V2g-j+2{S2t+2)) ioT 2 < i < h, I < j < i - I, 
{v*,Vh+i{S2t+i)) iorl<i<g + l, 

{v*,V2g-i+i{S2t+2)) iorl<i<g + l. 

Observe that the last operation may increase by 2 weighted degrees of some vertices v G V (821+2), however 
the conditions 

wd*{v) < 2k for V G V{S2t+i) U V{S2t+2) U {v*} 

and 

\{v G V{S2t+i) U ViS2t+2) U K} : wd*{v) = 2i}| < 2 for i = 1, . . . , A; 

still hold as wd{v*) ^ wd{v2g {821+2))- 

In order to finish the construction of w* , we assign to all not labelled edges of G. 

Finally we obtain weighting w* : E{G) — > {0, 1,2} such that all weighted degrees are even, segments Sj 
contain subgraphs F defined in Lemma |3.H and moreover 

\{v G V{G) : wd*{v) = 2i}| < 2t + 2 for i = 1, . . . ,k. 

Let s = r ""^2fc~^ l (observe that s is odd). We define new weighting w : E{G) {0, s} as follows: 

w{e) = ^^w*{e) + l for eeE{G). (14) 

After this modification weighted degrees in any segment Sj differ by at least s — 1. As we can not label 
vertices, we are going to distinguish their degrees by changing labels on the edges of subgraphs F defined in 
Lemma 13.11 

We decrease the degrees of vertices v G V{Sj), I < j < 2t, in the following way. If j mod 2 = 0, we 
decrease the weight of every edge in F by ^. Otherwise we decrease it alternately by and (each 
subgraph of F is a cycle of even length). 



15 



If /i > 1, we decrease the labels in S2t+i alternately by t and t + 1. Otherwise we decrease the weight of 
the only edge in this segment {vi{S2t+i),V2iS2t+i)) by 2t + 1. 

g = k (it is possible only if r = 4/c), wc decrease in the same way the labels in 821+2- Otherwise we do 
not change neither the weights in S2t+2 nor the weights of edges incident with v* (if this vertex is considered) . 

This way we decrease weighted degrees in Sj by distinct integers from the set {0,1, . . . ,2t + 1} or 
{1,2, . . . ,2t + 2} and finally distinguish all the weighted degrees in G, as 2t + 2 < s — 1. 

Case 3.2; 1 < r < 2A; + 1. 

We start with finding an irregular weighting of C^^^ using the method described in previous paragraph. 

Let s = 2t + 2. Observe that the maximum weight used so far is s — 1 and two highest weighted degrees 
are equal wd{v*) = 2k{s — 1) — 1 and wd{v**) = 2k{s — 1) — 2 for vertices v* = V2k{Si) and v**" = V2k{S2)- 
Observe also that all the edges between Si and ^2 are labelled s — 1. 

If r = 1, we insert additional vertex vq between v* and v** removing and adding the edges in order 
to obtain C^fc^+i- We put s — 1 on all the edges incident with vq. The weighted degree of vq reaches the 
value wd{vo) = 2k{s — 1) and the remaining weighted degrees do not change, so this way we obtain irregular 
weighting of G, as [ ^^*+^+^^-^ ] = s - 1. 

If r = 2, we insert two vertices vi and V2 between v* and v**, and put s — 1 on all new edges except {vi,v*) 
and {vi,V2), that are labelled s. This way the weighted degrees of vertices v G V{CI^) \ {v* ,vi,V2} do not 
change, so they are distinct integers from the set 

{2A;, . . . , 2A;(s - 1) - 2}. 

Moreover 

wd{v*) = 2k{s - 1), 
wd{vi) = 2k{s - 1) + 2, 
wd{v2) = 2kls - 1) + 1. 

Prom the above it follows that w is irregular weighting of G. 

If r = 3, we insert three vertices vi, V2 and ^3 between v* and v**, and next put s — 1 on all new edges 
except the following: 

w{v* ,vi) = s — 2, 

w{v**,V2) = w{vi,V2) = W{VI,V3) = W{V2,V3) = S. 

The resulting weighted degrees of vertices from the set 

veViC!^)\{v*,v**,vi,V2,vs} 

are distinct integers from the set 

{2A;, . . . , 2A;(s - 1) - 3}. 

Moreover 

wd{v*) = 2k{s - 1) - 2, 
wd{v**) = 2k{s - 1) - 1, 

wd{vi) = 2k{s - 1) + 1, 
wdlv2) = 2k{s - 1) + 3, 
wd{v3) = 2k{s - 1) + 2, 

so w is irregular weighting of G. 

Let us move to the case when 4 < r < 2A; + 1. Observe that this time [" 4fct+r+2fc~i "| _ 
We insert between v* and v** the graph H, where 




5'(f ') for r mod 2 = 1, 
R{r') for r mod 2 = 0, 
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and 




Let V{H) = {vo{H),vi{H), . . . ,v\yi^h'j\_i{H)}. We insert H between v* and v** in such a way that v* is 
adjacent to 

Vj{H) for < J < min{A; - 1, \V{H)\ - 1}, 

and V** to 

v\viH)\^j-i{H) for < i < min{A; - 1, \V{H)\ - 1}. 

We put s — 1 on ah new edges, including the edges of H. The resulting weighting wi : E{G) {1,2, . . . , s — 
1} assigns the weighted degree 2k{s — l) to every vertex of H and does not change the degrees of the remaining 
vertices of G (including v* and v**). In order to distinguish the weighted degrees of vertices v G ViH) we 
put the labels / on the edges of H using the formula ()13p (see Lemma 13. 3p . If k mod 2 = 0, we define 
w : E{G)) — 7> {1, 2, . . . , s} using the formula: 



/ Me) ioTeeE{G))\E{H), 
^ ' \ wiie) + /(e) for e G E{H). 

As s > 3, new edge labels fulfil the condition 1 < w{e) < s and all the weighted degrees are distinct, as 
according to the Lemma 13.31 the weighted degrees of vertices v € V{H) become distinct integers from the set 

{2k{s - l),2k{s - 1) + 1, ... , 2k{s - 1) + r}, 

and the degrees of vertices v € V{G) \ V{H) obtain distinct values from the set 

{2A;,2/c + l,...,2/c(s-l)-l} 

(they do not change after inserting the graph H). 

If k mod 2 = 1, we also use the formula (|15p in order to define new weighting w. However this time 

wd{v*) = wd{v2ri) = 2k{s - 1) - 1. 

If r < 2k, we change the edge label 

w{v* , Vj.,) = s. 

As it can be easily observed, after this operation 

wd{vr;) = 2k{s - 1) + r + 1, 

wd{v*) = 2k{s -1), (16) 
wd{v2ri) = 2k{s — 1) — 1, 

so w is the desired irregular weighting of G, as the weighted degrees of vertices v E V{G^) \ {V{G) U {v'^}) are 
distinct and lower than 2k{s — 1) — 1, and the weighted degrees of vertices v € y{G) \ {vri,V2ri} are distinct 
integers from the set {2k{s — 1) + 2, ... , 2k{s — 1) + r — 1}. 

If r = 2A; + 1, then [v* , Vr/) E{G), so we have to proceed in an different way. We redefine the weighting 
assigning 

w{vk{H),V2k{H)) = s + 1. 

This way wd{vk{H)) and wd{v2k{H)) increase by 1, so the weighted degrees of vertices v € y{G) reach 
distinct values. Observe that w{vk{H),V2k{H)) = s + l= [ "•+^^'"^ 1 + 1. 

Assume that the labels 1,2, ... ,s are enough to construct an irregular weighting when r = 2k + 1 and 
k mod 2 = 1. In such a case the weighted degrees of vertices v € V{G) have to reach all the values of the set 
{2k, . . . , Akt + 4A;}, what means that their sum is equal to the odd number k{2t + 3)(4A;t + 2k + 1). However, 
it is impossible as the sum of degrees has to be even. The contradiction proves that the use of label s + 1 is 
necessary. □ 
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Figure 4: Initial labelling of the edges of with 0, 1 and 2 
Example 3.4 (Irregular labelling of Cj^g). 

We have n = 19, k = 3 t = 1, r = 7 = 2k + 1, so first we find the labelling 0/(7^2- Initial labelling with 0, 1 
and 2 are presented on the Figure [7[ The edges joining different segments are red. 

Observe that s(Cj^2) = s — 1 = 3 is odd, so we modify the edges using formula Next we modify the 
weights of edges of subgraphs F, decreasing by 1 half of the labels in Si all the labels in 82- Final weighting 
of C 12 is presented in the Figure\^ (both cycles are red). 
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Figure 5: Final weighting of Cy^ 
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In the next step we construct weighting f of graph H = 5*-'^^ as in the Lemma 13.31 It is presented on the 
Figure O 



1111-1 




Vo V2 V3 1/5 



Figure 6: Lemma 13.31 - weig hting f ofH = S'(3) 

In order to finish, we insert graph H = S^^^ between the vertices v* = vq{Si) and v** = vq{S2), putting 
s — 1 on all new edges e E{H), and s — 1 + /(e) on all the edges e € E{H). As r = 2k + 1, we assign 
w{v3{H),vq{H)) = s — 1 + f{v^{H),VQ{H)) + 1 = 5. This way we obtain final irregular weighting as on the 
Figure 



2 2 2 1 1 1 1 2 2 2 




Vo 1/1 1/2 1/3 1/4 1/5 1/5 



(W) (H) (H) (H) (H) (H) 
Figure 7: Final weighting of Cft 
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